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On algebraic curves with many automorphisms in characteristic p
Maria Montanucci
∗
Abstract
Let X be an irreducible, non-singular, algebraic curve defined over a field of odd characteristic p. Let
g and γ be the genus and p-rank of X , respectively. The influence of g and γ on the automorphism group
Aut(X ) of X is well-known in the literature. If g ≥ 2 then Aut(X ) is a finite group, and unless X is the
so-called Hermitian curve, its order is upper bounded by a polynomial in g of degree four (Stichtenoth).
In 1978 Henn proposed a refinement of Stichtenoth’s bound of cube order in g up to few exceptions, all
having p-rank zero. In this paper a further refinement of Henn’s result is proposed. First, we prove that
if an algebraic curve of genus g ≥ 2 has more than 336g2 automorphisms then its automorphism group
has exactly two short orbits, one tame and one non-tame. Then we show that if |Aut(X )| ≥ 900g2,
the quotient curve X/Aut(X )
(1)
P
where P is contained in the non-tame short orbit is rational, and the
stabilizer of 2 points is either a p-group or a prime-to-p group, then the p-rank of X is equal to zero.
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1 Introduction
Let X be a projective, geometrically irreducible, non-singular algebraic curve defined over an algebraically
closed field K of positive characteristic p. Let K(X ) be the field of rational functions on X (i.e. the function
field of X over K). The K-automorphism group Aut(X ) of X is defined as the automorphism group of K(X )
fixing K element-wise. The group Aut(X ) has a faithful action on the set of points of X .
By a classical result, Aut(X ) is finite whenever the genus g of X is at least two; see [16] and [7, Chapter
11; 22–24,31,33]. Furthermore it is known that every finite group occurs in this way, since, for any ground
field K and any finite group G, there exists an algebraic curve X defined over K such that Aut(X ) ∼= G; see
[12, 13, 22].
This result raised a general problem for groups and curves, namely, that of determining the finite groups
that can be realized as the K-automorphism group of some curve with a given invariant. The most important
such invariant is the genus g of the curve. In positive characteristic, another important invariant is the so-
called p-rank of the curve, which is the integer 0 ≤ γ ≤ g such that the Jacobian of X has pγ points of order
p.
Several results on the interaction between the automorphism group, the genus and the p-rank of a curve
can be found in the literature. A remarkable example is the work of Nakajima [14] who showed that the
value of the p-rank deeply influences the order of a p-group of automorphisms of X . Also curves for which
the p-rank is the largest possible, namely γ = g, have at most 84(g2 − g) automorphisms.
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In [8] Hurwitz showed that if X is defined over C then |Aut(X )| ≤ 84(g − 1), which is known as Hur-
witz bound. This bound is sharp, i.e., there exist algebraic curves over C of arbitrarily high genus whose
automorphism group has order exactly 84(g−1). Well-known examples are the Klein quartic and the Fricke-
Macbeath curve, see [11]. Roquette [15] showed that Hurwitz bound also holds in positive characteristic p,
if p does not divide |Aut(X )|.
A general bound in positive characteristic is |Aut(X )| ≤ 16g4 with one exception: the so-called Hermitian
curve. This result is due to Stichtenoth [20, 21].
The quartic bound |Aut(X )| ≤ 16g4 was improved by Henn in [6]. Henn’s result shows that if |Aut(X )| >
8g3 then X is K-isomorphic to one of the following four curves:
• the non-singular model of the plane curve Y 2 + Y = X2k+1, with k > 1 and p = 2;
• the non-singular model of Y 2 = Xn −X , where n = ph, h > 0 and p > 2;
• the Hermitian curve Hq : Y
q+1 = Xq +X where q = ph and h > 0;
• the non-singular model of the Suzuki curve Sq : X
q0(Xq +X) = Y q + Y , where q0 = 2
r, r ≥ 1 and
q = 2q20 .
All the above exceptions have p-rank zero. This observation raised the following problem.
Open Problem 1.1. Is it possible to find a (optimal) function f(g) such that the existence of an automor-
phism group G of X with |G| ≥ f(g) implies γ(X ) = 0?
Clearly from Henn’s result f(g) ≤ 8g3. Also f(g) cannot be asymptotically of order less than g3/2 as
algebraic curves of positive p-rank with approximately g3/2 automorphisms are known; see for example [10].
Open Problem 1.1 was already studied in [3] where a positive answer is given under the additional
hypothesis that g is even or that the automorphism group G is solvable.
Theorem 1.2. [3, Theorem 1.1 and Theorem 1.2] Let K be an algebraically closed field of odd characteristic
p and let X be an algebraic curve defined overK. If X has even genus g ≥ 2 and at least 900g2 automorphisms
then its p-rank γ is equal to zero. If X is of arbitrary genus g ≥ 2 and it has a solvable automorphism group
of order at least 84pg2/(p− 2) then the p-rank of X is zero.
In this paper we analyze large automorphism groups of curves of arbitrary genus g ≥ 2 giving a partial
answer to Open Problem 1.1. The following theorem summarizes our main results.
Theorem 1.3. Let G be an automorphism group of an algebraic curve X of genus g ≥ 2, defined over a
field of odd characteristic p.
1. If |G| > 24g2 then either G has a unique (non-tame) short orbit or it has exactly two short orbits, one
tame and one non-tame.
2. If G has exactly one non-tame short orbit then |G| ≤ 336g2.
3. If |G| ≥ 60g2 and G has exactly one non-tame short orbit then γ(X ) is positive and congruent to zero
modulo p.
4. If |G| ≥ 900g2 then G has exactly one non-tame short orbit O1 and one tame short orbit O2. If X/G
(1)
P
is rational for P ∈ O1 and the stabilizer GP,R with R ∈ O1 \ {P}, is either a p-group or a prime-to-p
group then γ(X ) is zero.
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The paper is organized as follows. In Section 2 some preliminary results on automorphism groups of
algebraic curves in positive characteristic are recalled. In Section 3 Parts 1-3 of Theorem 1.3 are proven,
while Part 4 is the main object of Section 4.
2 Preliminary Results
In this paper, X stands for a (projective, geometrically irreducible, non-singular) algebraic curve of genus
g(X ) ≥ 2 defined over an algebraically closed field K of odd characteristic p. Let Aut(X ) be the group of
all automorphisms of X . The assumption g(X ) ≥ 2 ensures that Aut(X ) is finite. However the classical
Hurwitz bound |Aut(X )| ≤ 84(g(X )− 1) for complex curves fails in positive characteristic, and there exist
four families of curves satisfying |Aut(X )| ≥ 8g3(X ); see [21], Henn [6], and also [7, Section 11.12].
For a subgroup G of Aut(X ), let X¯ denote a non-singular model of K(X )G, that is, a (projective non-
singular geometrically irreducible) algebraic curve with function field K(X )G, where K(X )G consists of all
elements of K(X ) fixed by every element in G. Usually, X¯ is called the quotient curve of X by G and denoted
by X/G. The field extension K(X )|K(X )G is Galois of degree |G|.
Let Φ be the cover of Φ : X → X¯ where X¯ = X/G. A point P ∈ X is a ramification point of G if the
stabilizer GP of P in G is nontrivial; the ramification index eP is |GP |; a point Q¯ ∈ X¯ is a branch point of
G if there is a ramification point P ∈ X such that Φ(P ) = Q¯; the ramification (branch) locus of G is the
set of all ramification (branch) points. The G-orbit of P ∈ X is the subset o = {R | R = g(P ), g ∈ G} of
X , and it is long if |o| = |G|, otherwise o is short. For a point Q¯, the G-orbit o lying over Q¯ consists of all
points P ∈ X such that Φ(P ) = Q¯. If P ∈ o then |o| = |G|/|GP | and hence Q¯ is a branch point if and only
if o is a short G-orbit. It may be that G has no short orbits. This is the case if and only if every non-trivial
element in G is fixed–point-free on X , that is, the cover Φ is unramified. On the other hand, G has a finite
number of short orbits.
For a non-negative integer i, the i-th ramification group of X at P is denoted by G
(i)
P (or Gi(P ) as in
[17, Chapter IV]) and defined to be
G
(i)
P = {α | ordP (α(t)− t) ≥ i+ 1, α ∈ GP },
where t is a uniformizing element (local parameter) at P . Here G
(0)
P = GP .
Let g¯ be the genus of the quotient curve X¯ = X/G. The Hurwitz genus formula [19, Theorem 3.4.13]
gives the following equation
2g − 2 = |G|(2g¯ − 2) +
∑
P∈X
dP , (1)
where the different dP at P is given by
dP =
∑
i≥0
(|G
(i)
P | − 1), (2)
see [7, Theorem 11.70].
Let γ be the p-rank of X , and let γ¯ be the p-rank of the quotient curve X¯ = X/G. A formula relating γ
and γ¯ is known whenever G is a p-group. Indeed if G is a p-group, the Deuring-Shafarevich formula states
that
γ − 1 = |G|(γ¯ − 1) +
k∑
i=1
(|G| − ℓi), (3)
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where ℓ1, . . . , ℓk are the sizes of the short orbits of G; see [23] or [7, Theorem 11,62].
A subgroup of Aut(X ) is a prime-to-p group (or a p′-subgroup) if its order is prime to p. A subgroup G
of Aut(X ) is tame if the 1-point stabilizer of any point in G is p′-group. Otherwise, G is non-tame (or wild).
By [7, Theorem 11.56], if |G| > 84(g(X )− 1) then G is non-tame.
An orbit o of G is tame if GP is a p
′-group for P ∈ o. The following lemma gives a strong restriction to
the action of the Sylow p-subgroup of the stabilizer of a point P ∈ X when γ(X ) = 0.
Result 2.1. [7, Lemma 11.129 ] If γ(X ) = 0 then every element of order p in Aut(X ) has exactly one fixed
point on X .
Bounds for the order of tame automorphism groups fixing a point are known; see [7, Theorem 11.60].
Result 2.2. Let X be an irreducible curve of genus g > 0, and let GP be a K-automorphism group of X
fixing a point P . If the order n of GP is prime to p, then n ≤ 4g + 2.
Strong restrictions for the short orbits structure of automorphism groups of algebraic curves are known
when the Hurwitz bound 84(g(X )−1) fails. In particular, the following theorem ensures that automorphism
groups for which the Hurwitz bound is not satisfied have at most three short orbits.
Theorem 2.3. [7, Theorem 11.56] Let X be an irreducible curve of genus g ≥ 2 defined over a field K of
characteristic p.
• If G is a K-automorphism group of X , then the Hurwitz’s upper bound |G| ≤ 84(g−1) holds in general
with exceptions occurring only if p > 0.
• If p > 0 then exceptions can only occur when the fixed field K(X )G is rational and G has at most three
short orbits as follows:
1. exactly three short orbits, two tame and one non-tame, with p ≥ 3;
2. exactly two short orbits, both non-tame;
3. only one short orbit which is non-tame;
4. exactly two short orbits, one tame and one non-tame.
Theorem 2.4. [7, Theorem 11.116 and Theorem 11.125] Let X be an algebraic curve of genus g ≥ 2 defined
over an algebraically closed field K of positive characteristic p. If G is an automorphism group of X with
|G| > 84(g − 1), then an upper bound for the order of G in Cases 1,2 of Theorem 2.3 is given by:
1. |G| < 24g2,
2. |G| < 16g2,
respectively. If G satisfies Case 3 of Theorem 2.3 then |G| < 8g3. If G satisfies Case 4 in Theorem 2.3 then
|G| < 8g3 unless one of the following cases occurs up to isomorphism over K:
• p = 2 and X is the non-singular model of the plane curve Y 2 + Y = X2k+1, with k > 1;
• p > 2 and X is the non-singular model of Y 2 = Xn −X , where n = ph and h > 0;
• X is the Hermitian curve Hq : Y
q+1 = Xq +X where q = ph and h > 0;
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• X is the non-singular model of the Suzuki curve Sq : X
q0(Xq +X) = Y q + Y , where q0 = 2
r, r ≥ 1
and q = 2q20 .
Furthermore, all the above algebraic curves have p-rank zero.
Theorem 2.4 shows in particular that a quadratic bound for |G| in Case 4 of Theorem 2.3 is not possible.
However nothing is known in Case 3 of Theorem 2.3. One of the first aims of this paper is to show that
actually a quadratic bound with respect to the genus can be found also in this case.
Remark 2.5. Examples of algebraic curves of genus g with approximately g2 automorphisms satisfying Case
4 in Theorem 2.3 are known. Given a prime power q, the GK curve C is given by the affine model,
C :
{
yq+1 = xq + x,
zq
2−q+1 = yq
2
− y,
see [4]. The curve C has genus g(C) = (q5 − 2q3 + q2)/2 and it is Fq6-maximal. The automorphism group of
C is defined over Fq6 and has order q
3(q3+1)(q2−1)(q2−q+1) ∼ 4g(C)2. The set C(Fq6) of the Fq6-rational
points of C splits into two orbits under the action of Aut(C): O1 = C(Fq2) and O2 = C(Fq6) \ C(Fq2). The
orbit O1 is non-tame while O2 is tame. This implies that Case 4 is indeed satisfied, see [4, Theorem 7].
Other two examples are the cyclic extensions of the Suzuki and Ree curves constructed in [18]. Again the
order of the automorphism group of these curves is approximately 4g2 and it satisfies Case 4 in Theorem
2.3; see [5]. All the examples written in this remark have p-rank zero.
In order to give our partial answer to Open Problem 1.1 the following lemmas from [3] will be used.
Lemma 2.6. [3, Lemma 4.1 and Remark 4.3] Let X be an algebraic curve of genus g ≥ 2 defined over
an algebraically closed field K of odd characteristic p. Let H be an automorphism group of X with a
normal Sylow d-subgroup Q of odd order. Suppose that a complement U of Q in H is cyclic and that
NH(U) ∩Q = {1}. If
|H | ≥ 30(g − 1),
then d = p and U is cyclic. Moreover, the quotient curve X¯ = X/Q is rational and either
1. X has positive p-rank, Q has exactly two (non-tame) short orbits, and they are also the only short
orbits of H ; or
2. X has zero p-rank and H fixes a points.
If d = p is assumed then the hypothesis NH(U) ∩Q = {1} is unnecessary.
Lemma 2.7. [3, Lemma 4.8] Let G be an automorphism group of an algebraic curve X of genus g ≥ 2
defined over a field of odd characteristic p. Suppose that
1. |G| ≥ 16g2;
2. any two distinct Sylow p-subgroups of G have trivial intersection;
3. G has a Sylow d-subgroup Q for which its normalizer NG(Q) contains a subgroup H satisfying the
hypotheses of Lemma 2.6;
then X has zero p-rank.
5
The following result provides a list of known and useful properties of automorphism groups of algebraic
curves in positive characteristic.
Result 2.8. Let X be an algebraic curve of genus g ≥ 2 defined over a field of characteristic p ≥ 3. Let G
be an automorphism group of X .
1. [14, Theorem 1] If G is a p-group and γ(X ) > 0 then |G| ≤ p(g − 1)/(p − 2). If γ(X ) = 0 then
|G| ≤ max{g, 4pg2/(p− 1)2}.
2. [7, Theorem 11.60 and Theorem 11.79] If G is abelian then |G| ≤ 4g + 4.
3. [7, Theorem 11.78] If P ∈ X is such that the quotient curve X/G
(1)
P is not rational then |G
(1)
P | ≤ g.
4. [7, Lemma 11.44 (e)] For P ∈ X , the stabilizer GP of P in G is a semidirect product GP = G
(1)
P ⋊ U
where U is a cyclic p′-group and G
(1)
P is the Sylow p-subgroup of GP . In particular GP is solvable.
5. [7, Theorem 11.14] If X is rational and G is cyclic and tame then G has exactly two fixed points and
no other short orbits on X .
An essential ingredient from group theory that we will use in the proof of Theorem 1.3 is the complete
list of finite 2-transitive permutation groups, see [2, Tables 7.3 and 7.4].
A well known theorem of Burnside [2, Theorem 4.3] states that every finite 2-transitive group is either
almost simple or affine. Finite affine 2-transitive groups are those having an elementary abelian regular
normal socle, while almost simple 2-transitive groups are those having a simple socle N .
Tables 1 and 2 list finite 2-transitive groups according to the two aforementioned categories. Recall
that the degree of a 2-transitive permutation group is the cardinality of the set on which the group acts
2-transitively.
Table 1: Affine 2-transitive groups
Case Degree GP Condition
1. qd SL(d, q) ≤ GP ≤ ΓL(d, q)
2. q2d Sp(d, q) E GP d ≥ 2
3. q6 G2(q) E GP q even
4. q (21+2 ⋊ 3) = SL(2, 3) E GP q = 5
2, 72, 112, 232
5. q 21+4 E GP q = 3
4
6. q SL(2, 5) E GP q = 11
2, 192, 292, 592
7. 24 A6
8. 24 A7
9. 26 PSU(3, 3)
10. 36 SL(2, 12)
The list of finite 2-transitive permutation groups can be refined if the stabilizer of two points is cyclic.
Theorem 2.9. [9, Theorem 1.1] Let G be a finite, 2-transitive permutation group on a set X . Suppose that
the stabilizer GP,Q of two distinct points P,Q ∈ X is cyclic, and that G has no regular normal subgroups.
Then G is one of the following groups in its usual 2-transitive permutation representation: PSL(2, q),
PGL(2, q), Sz(q), PSU(3, q), PGU(3, q) or a group of Ree type.
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Table 2: Almost Simple 2-transitive groups
Case Degree Condition N max|G/N|
1. n n ≥ 5 An 2
2. (qd − 1)/(q − 1) d ≥ 2, (d, q) 6= (2, 2), (2, 3) PSL(d, q) (d, q − 1)
3. 22d−1 + 2d−1 d ≥ 3 Sp(2d, 2) 1
4. 22d−1 − 2d−1 d ≥ 3 Sp(2d, 2) 1
5. q3 + 1 q ≥ 3 PSU(3, q) (3, q + 1)
6. q2 + 1 q = 22d+1 > 2 Sz(q) 2d+ 1
7. q3 + 1 q = 32d+1 > 3 Ree(q) 2d+ 1
8. 11 PSL(2, 11) 1
9. 11 M11 1
10. 12 M11 1
11. 12 M12 1
12. 15 A7 1
13. 22 M22 2
14. 23 M23 1
15. 24 M24 1
16. 28 PSL(2, 8) 3
17. 176 HS 1
18. 276 Co3 1
Theorem 2.10. [1, Theorem 1.7.6] Let G be a 2-transitive group on a set O. If G has a regular normal
subgroup N , then N is an elementary abelian d-group where d is a prime and |O| = dn for some n ≥ 1.
With all the ingredients introduced in Section 2 we proceed now with the proof of Theorem 1.3. We can
assume that G is an automorphism group of an algebraic curve X of genus g ≥ 2 such that |G| > 84(g − 1).
By Theorems 2.3 and 2.4 unless |G| ≤ 24g2, G has either exactly one short orbit (Case 3 in Theorem 2.3) or
exactly two short orbits, one tame and one non-tame (Case 4 in Theorem 2.4). We analyze these two cases
separately in Sections 3 and 4 respectively.
3 G satisfies Case 3 of Theorem 2.3
In this section G stands for an automorphism group of an algebraic curve X of genus g ≥ 2 defined over a
field K of odd characteristic p satisfying Case 3 of Theorem 2.3. We denote by O the only short orbit of G
on X .
We start with the following direct consequence of the Hurwitz genus formula.
Lemma 3.1. If an automorphism group G of an algebraic curve X of genus g ≥ 2 has exactly one short orbit
O then the size of O divides 2g − 2. In particular this holds true whenever G satisfies Case 3 in Theorem
2.3.
Proof. Let g¯ be the genus of the quotient curve X/G. If the stabilizer GP of a point P ∈ O is tame, then
the Hurwitz genus formula (1) reads as follows
2g − 2 = |G|(2g¯ − 2) + |G| − |O|.
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As from the Orbit stabilizer Theorem |G| = |GP ||O|, the result follows.
In the non-tame case, in Equation (1) we have dP = dQ for P,Q ∈ O and dR = 0 for R 6∈ O. Hence |O|
divides
∑
P∈X dP , and the result follows as in the tame case from Equation (1).
We now move to the proof of Part 2 in Theorem 1.3.
Theorem 3.2. If |G| ≥ 60g2 then γ(X ) is congruent to zero modulo p.
Proof. Let P ∈ O and let GP be the stabilizer of P in G. From Result Item 4 of Result 2.8, we can write
GP = G
(1)
P ⋊ U where U is tame and cyclic. Denote by Y1 the quotient curve X/G
(1)
P . We distinguish two
cases.
• Case 1: O = {P}. If Y1 is not rational then Item 3 of Result 2.8 and Result 2.2 imply that
|G| = |GP | ≤ g(4g + 2) < 60g
2, a contradiction.
Hence g(Y1) = 0. The factor group U1 = GP /G
(1)
P
∼= U is a prime-to-p cyclic automorphism group of
Y1 fixing the point P1 lying below P in the cover X|Y1. From Item 5 of Result 2.8 the group U1 has
another fixed point, say Q1, on Y1. If Q denotes a point of X lying above Q1 in X|Y1 then U acts
on the G
(1)
P -orbit ∆ containing Q and since |U | is prime-to-p we get that U has at least another fixed
point on X , say R, which is also contained in ∆. This implies that the G-orbit containing R is short
as the stabilizer of R in G is non-trivial. This is not possible since by hypothesis O = {P} is the only
short orbit of G.
• Case 2: O ⊃ {P}. From the Orbit stabilizer Theorem |G| = |O||GP |. Also from Lemma 3.1 we can
write 2g − 2 = k|O| for some k ≥ 1. Then
(2g − 2)2 = k2|O|2 = k2
|G|2
|GP |2
,
and hence since |G| ≥ 60g2,
|GP | = k
2 |G|
2
|GP |(2g − 2)2
=
k2|G|
(2g − 2)2
·
|G|
|GP |
>
|G|
|GP |
.
From |O| ≤ 2g − 2 we have
2g|GP | > (2g − 2)|GP | ≥ |O||GP | = |G| ≥ 60g
2
and hence |GP | ≥ 30g > 30(g − 1). From Lemma 2.6 either γ(X ) = 0 or γ(X ) > 0 and in the latter
case G
(1)
P has exactly two (non-tame) short orbits which are also the only short orbits of GP . Assume
that γ(X ) > 0 and denote by O1 = {P} and O2 the two short orbits of G
(1)
P and GP , with |O2| = p
i
and i ≥ 0.
If i = 0 we have that G
(1)
P and GP fix exactly another point R ∈ X \ {P} and have no other short
orbits. Since O1 and O2 are contained in O, we can write |O| = 2 + h|GP | for some h ≥ 0. If
h = 0 then |O| = 2 and hence from Item 1 of Result 2.8 and Result 2.2, |G| = |GP ||O| = 2|GP | ≤
2p(g− 1)(4g+2)/(p− 2) ≤ 30g2, a contradiction. If h ≥ 1 then |GP | < |O| ≤ 2g− 2. Since |GP | ≥ 30g
we get a contradiction.
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This shows that necessarily i ≥ 1. From the Deuring-Shafarevic formula (3) applied with respect to
G
(1)
P one has
γ − 1 = |G(1)p |(0 − 1) + |G
(1)
p | − 1 + |G
(1)
p | − p
i,
and hence γ is congruent to zero modulo p.
We now prove that actually the case γ = 0 in Theorem 3.2 cannot occur.
Theorem 3.3. Let X be an irreducible curve of genus g ≥ 2. If G is an automorphism group of X satisfying
Case 3 of Theorem 2.3 then either |G| < 60g2 or γ(X ) is positive and congruent to zero modulo p.
Proof. Suppose that G satisfies Case 3 in Theorem 2.3 and |G| ≥ 60g2. For P ∈ O we can write GP =
G
(1)
P ⋊ U , where U is tame and cyclic from Item 4 of Result 2.8. Then from Theorem 3.2 we have either
γ(X ) = 0 or γ(X ) positive and congruent to zero modulo p. Suppose by contradiction that γ(X ) = 0. Recall
that X/G
(1)
P is rational from Lemma 2.6 as |GP | ≥ 30g.
Write |G
(1)
P | = p
h with h ≥ 1. By the Hurwitz genus formula applied with respect to G
(1)
P one has,
2g − 2 = −2|G
(1)
P |+ dP = −2|G
(1)
P |+ 2(|G
(1)
P | − 1) +
∑
i≥2
(|G
(i)
P | − 1) =
∑
i≥2
(|G
(i)
P | − 1)− 2,
since G
(1)
P has exactly {P} as its unique short orbit from Result 2.1. On the other hand, recalling that X/G
is rational, the Hurwitz genus formula applied with respect to G gives
2g − 2 = −2|G|+ |O|
(
|GP | − 1 + |G
(1)
P | − 1 +
∑
i≥2
(|G
(i)
P | − 1)
)
and hence
2g − 2 = −|G|+ |O|(|G
(1)
P |+ 2g − 2).
Therefore,
|O|(|GP | − |G
(1)
P |) = |O||G
(1)
P |(|U | − 1) = (|O| − 1)(2g − 2) < (2g − 2)|O|. (4)
If |U | = 1 then GP = G
(1)
P and |O||G
(1)
P |(|U | − 1) = (|O| − 1)(2g− 2) implies that |O| = 1 since g ≥ 2. Hence
|G| = |G
(1)
P | ≤ 4g
2 from Item 1 of Result 2.8; a contradiction.
Since |U | ≥ 2 we get from Equation (4),
|GP |
2
≤ |G
(1)
P |(|U | − 1) < 2g − 2
and |G| = |O||GP | < (2g − 2)
2 < 4g2; a contradiction.
This proves Item 2 in Theorem 1.3. Our next goal is to show that up to increase the value of the constant
c = 60 one can give a complete answer to Open Problem 1.1 when G satisfies Case 3 in Theorem 2.3. This
will prove Item 3 in Theorem 1.3 and show that curves with at least 336g2 automorphism have a very precise
short orbits structure.
Proposition 3.4. Let X be an irreducible curve of genus g ≥ 2. If G is an automorphism group of X
satisfying Case 3 of Theorem 2.3. Then |G| ≤ 336g2.
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Proof. Assume by contradiction that there exists an algebraic curve X together with an automorphism group
G satisfying Case 3 in Theorem 2.3 with |G| > 336g2. We choose X to be of minimal genus, that is, if g′ < g
then an algebraic curve together with an automorphism group G′ satisfying Case 3 in Theorem 2.3 with
|G′| > 336g′
2
does not exist.
The first part of the proof is similar to the one of Theorem 3.2. Let P ∈ O, where O denotes the only
short orbit of G. Let G
(1)
P be the Sylow p-subgroup of the stabilizer GP of P in G and denote by Y1 the
quotient curve X/G
(1)
P . From Item 4 of Result 2.8, we can write GP = G
(1)
P ⋊U where U is tame and cyclic.
We distinguish two subcases.
• Case 1: O = {P}. If Y1 is not rational then Item 3 of Result 2.8 and Result 2.2 imply that
|G| = |GP | ≤ g(4g + 2) < 336g
2, a contradiction.
Hence g(Y1) = 0. The factor group U1 = GP /G
(1)
P
∼= U is a prime-to-p cyclic automorphism group of
Y1 fixing the point P1 lying below P in the cover X|Y1. From Item 5 of Result 2.8, the group U1 has
another fixed point, say Q1, on Y1. If Q denotes a point of X lying above Q1 in X|Y1 then U acts
on the G
(1)
P -orbit ∆ containing Q and since |U | is prime-to-p we get that U has at least another fixed
point, say R, on X which is contained in ∆. This implies that the G-orbit containing R is short as the
stabilizer of R in G is non-trivial. This is not possible since by hypothesis O = {P} is the only short
orbit of G.
• Case 2: O ⊃ {P}. From the Orbit stabilizer Theorem |G| = |O||GP | and |O| divides 2g − 2 from
Lemma 3.1. Write 2g − 2 = k|O| for some k ≥ 1. Then
(2g − 2)2 = k2|O|2 = k2
|G|2
|GP |2
,
and hence since |G| > 336g2,
|GP | = k
2 |G|
2
|GP |(2g − 2)2
=
k2|G|
(2g − 2)2
·
|G|
|GP |
>
|G|
|GP |
.
From |O| ≤ 2g − 2 we have
2g|GP | > |GP |(2g − 2) ≥ |GP ||O| = |G| > 336g
2
and hence |GP | > 30(g − 1). From Lemma 2.6 either γ(X ) = 0 or γ(X ) > 0 and in the latter case
G
(1)
P has exactly two (non-tame) short orbits, and they are also the only short orbits of GP . The
claim follows by showing that the case γ(X ) > 0 cannot occur since Theorem 3.3 gives that the case
γ(X ) = 0 cannot occur either.
Assume by contradiction that γ(X ) > 0 and denote by O1 = {P} and O2, with |O2| = p
i, i ≥ 0 the
two short orbits of G
(1)
P and GP .
We have the following two possibilities.
– Subcase 2.I: O 6= O1 ∪ O2. Let R ∈ O \ (O1 ∪ O2). Then the orbit ∆ of GP containing R
is long and ∆ ⊂ O. Hence |GP | = |∆| < |O| ≤ (2g − 2). This implies that |G| = |GP ||O| <
(2g − 2)(2g − 2) < 4g2, a contradiction.
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– Subcase 2.II: O = O1 ∪O2. Denote by K the kernel of the permutation representation of G on
O. Since O = {P} ∪O2, G acts 2-transitively on O. Then G/K is isomorphic to one of the finite
2-transitive permutation groups listed in Tables 1 and 2. The claim will follow with a case-by-case
analysis.
∗ Suppose that G¯ = G/K is one of the finite affine 2-transitive groups in Table 1. The first
three cases cannot occur since G¯P is solvable. This follows from the fact that GP is solvable
from Item 4 of Result 2.8 and hence every factor group of GP is solvable as well. Cases 4,
5, 6 and 10 can be excluded as |O| must be even. In the remaining cases either |O| = 24 or
|O| = 26. Since |O| − 1 must be a prime power both the cases can be excluded.
∗ Suppose that G¯ = G/K is one of the finite almost simple 2-transitive groups in Table 2.
Cases 8, 9, 12 and 14 can be excluded as |O| must be even, while Cases 13, 17 and 18 cannot
occur since |O| − 1 is a prime power.
Cases 10, 11, 15 and 16 can be excluded as follows. Note that (|O|, p) = (12, 11), (24, 23), (28, 3).
If (|O|, p) = (12, 11) then |G
(1)
P | < (1, 3) · (g− 1) from Item 1 of Result 2.8, so that from Item
2 of Result 2.8, |GP | < (1, 3) · (g − 1)(4g + 4) < 5g
2. From the Orbit stabilizer Theorem
|G| = 12|GP | < 60g
2, a contradiction.
If (|O|, p) = (24, 23) then |G
(1)
P | < (1, 1) · (g− 1) from Item 1 of Result 2.8, so that from Item
2 of Result 2.8, |GP | < (1, 1) · (g − 1)(4g + 4) < 5g
2. From the Orbit stabilizer Theorem
|G| = 24|GP | < 120g
2, a contradiction.
If (|O|, p) = (28, 3) then |G
(1)
P | ≤ 3(g − 1) from Item 1 of Result 2.8, so that from Item 2
of Result 2.8, |GP | ≤ 3(g − 1)(4g + 4) < 12g
2. From the Orbit stabilizer Theorem |G| =
28|GP | < 336g
2, a contradiction.
Since the stabilizer of a point in An with n ≥ 5 is not solvable we get that Case 1 in Table 2
cannot occur from Item 4 of Result 2.8.
Suppose that G satisfies one of the remaining cases in Table 2, that is, Cases 2-7. Let Y be
the quotient curve X/K. We claim that either K is trivial or X/K is rational.
Let K be trivial. Since |G| ≥ 900g2, |GP | > 30(g − 1) and Sylow p-subgroups in G intersect
trivially, we can apply Lemma 2.7 to get a contradiction.
Hence K is not trivial. Suppose first that g(X/K) ≥ 2. The Hurwitz genus formula implies
that 2g − 2 ≥ |K|(2g(X/K)− 2) so that
|G|
|K|
≥
|G|(2g(X/K)− 2)
2g − 2
>
336g2(g(X/K)− 1)
g − 1
≥ 336g(X/K)2.
We claim that the orbit O¯ of G/K lying below O in X|X/K is the only short orbit of G/K on
X/K. Suppose by contradiction that G/K has another short orbit O¯n. Then G acts on set of
points lying above O¯n, say On. Since K has no other short orbits other than O, we have that
|On| = |K||O¯n| < |K||G|/|K| = |G| so that also On is a short orbit of G; a contradiction.
This shows that if g(X/K) ≥ 2 then X/K has an automorphism group G/K or order at least
336g(X/K)2 with exactly one short orbit on X/K. Since g(X/K) < g this is not possible for
the minimality of g.
Thus, g(X/K) ≤ 1. If g(X/K) = 1 then, denoting with G¯P¯ the stabilizer of the point P¯ with
P |P¯ in X|X/K, |G¯P¯ | ≤ 12 from [7, Theorem 11.94].
We observe that in Cases 2-7 in Table 2, |G¯P¯ | ≥ |O| so that also |O| ≤ 12. We get |G
(1)
P | ≤
3(g−1) from Item 1 of Result 2.8, and from Item 2 of Result 2.8, |GP | ≤ 3(g−1)(4g+4) ≤ 12g
2.
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From the Orbit stabilizer Theorem |G| ≤ 12|GP | ≤ 144g
2, a contradiction. This shows
that X/K is rational. Since Cases 3-7 cannot give rise to automorphism groups of the
rational function field from [7, Theorem 11.14], only Case 2 can occur and so G¯ = G/K ∼=
PSL(2, q), PGL(2, q).
We note that (qd − 1)/(q − 1) − 1 = (qd − q)/(q − 1) cannot be a prime power unless d = 2
and q ≥ 5.
Suppose first that (|K|, p) = 1. Then Sylow p-subgroups of G correspond to Sylow p-
subgroups of either PSL(2, q) or PGL(2, q) and hence in any case they intersect trivially.
Since |G| > 16g2 then claim follows from Lemma 2.7.
Hence K contains p-elements. Let QK be a Sylow p-subgroup of K. Then QK is a normal
subgroup of G implying that G has normal p-subgroups. Denote by S the largest normal
p-subgroup of G and consider the quotient curve X/S. From our choice of the subgroup S,
the quotient group GS = G/S has no normal p-subgroups. We claim that X/S is rational.
Suppose first that g(X/S) ≥ 2. As before, the Hurwitz genus formula implies that 2g − 2 ≥
|S|(2g(X/S)− 2) so that
|G|
|S|
≥
|G|(2g(X/S)− 2)
2g − 2
>
336g2(g(X/S)− 1)
g − 1
≥ 336g(X/S)2.
We claim that the orbit O¯ of G/S lying below O in X|X/S is the only short orbit of G/S on
X/S. Suppose by contradiction that G/S has another short orbit O¯n. Then G acts on set
of points lying above O¯n, say On. Since K has no other short orbits other than O, we have
that |On| = |S||O¯n| < |S||G|/|S| = |G| so that also On is a short orbit of G; a contradiction.
This shows that if g(X/S) ≥ 2 then X/S has an automorphism group G/S of order at least
336g(X/S)2 with exactly one short orbit on X/S. Since g(X/S) < g this is not possible for
the minimality of g.
If g(X/S) = 1 then the group GPS/S is a subgroup of Aut(X/S) fixing at least one point on
X/S (the one lying below P in X|X/S). Hence |U | ≤ |GP |/|SP | = |GPS|/|S| = |GP |/|GP ∩
S| ≤ 12 from [7, Theorem 11.94]. Recalling that |O| | (2g−2) and that |G
(1)
P | ≤ p(g−1)/(p−2)
from Item 1 of Result 2.8, we get |G| ≤ 12(2g − 2)p(g − 1)/(p− 2) < 336g2; a contradiction.
Hence X/S is rational and G/S is a subgroup of PGL(2,K) with no normal p-subgroups.
From the classification of finite subgroups PGL(2,K), see [24], G/S is a prime to-p-subgroup
which is either cyclic, or dihedral, or isomorphic to one of the the groups A4, S4. If G/S ∼=
A4, S4 then |G| ≤ 24|S||O| ≤ 24(2g − 2)p(g − 1)/(p − 2) < 336g
2 and hence we can discard
these cases. Since γ ≡ 0 (mod p), S has exactly one fixed point (and possibly other non-
trivial short orbits) on X from Equation (3). Using the fact that S is normal in G we get
that the entire G has a fixed point on X which is not possible as |O| = q + 1.
Now Items 1-3 in Theorem 1.3 are proven. The next section will be devoted to the proof of Item 4 of
Theorem 1.3.
4 G satisfies Case 4 of Theorem 2.3
In order to prove the main theorem we assume that X is an algebraic curve defined over a a field of odd
characteristic p of genus g. Let G be an automorphism group of X . We assume that |G| ≥ 900g2 and
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that G satisfies Case 4 of Theorem 2.3, so that G has two short orbits, one tame O2 and one non-tame
O1. Furthermore, choosing a point P in O1, from Item 4 of Result 2.8, we write GP = G
(1)
P ⋊ U with |U |
prime-to-p and cyclic. Let Y1 be the quotient curve X/G
(1)
P . To complete the proof of the main theorem we
can also assume that g(Y1) = 0 and that GP,R is a p-group if it has a non-trivial Sylow p-subgroup. The
following three cases are treated separately.
(iv.1) There is a point R distinct from P such that the stabilizer of R in GP has order p
t with t ≥ 1.
(iv.2) No non-trivial element of G
(1)
P fixes a place distinct from P , and there is a place R distinct from P but
lying in the orbit of P in G such that the stabilizer of R in GP is trivial.
(iv.3) No non-trivial element of G
(1)
P fixes a place distinct from P , and, for every place R distinct from P
but lying in the orbit of P in G, the stabilizer of R in GP is non-trivial.
4.1 G satisfies Case (iv.1)
In this case, if R is an arbitrary point on X distinct from P then the stabilizer of R in GP is either trivial
or a p-group of order pt, t ≥ 1. Since Y1 is rational, U¯ = GP /G
(1)
P
∼= U is cyclic it fixes two points on Y1
from Item 5 of Result 2.8, say P¯ (lying below P ) and R¯. Denote by OR¯ the orbit of G
(1)
P lying above R¯.
Then |OR¯| = p
i for some i and U acts on OR. Since (|U |, p) = 1, U has at least one fixed point on OR¯,
a contradiction. This shows that |U | = 1. Assume by contradiction that γ > 0. From the Hurwitz genus
formula applied to G we have
2g − 2 = −2|G|+ |O1|dP + |O2|(|GQ| − 1) = −|G|+
|G|
|GP |
dP −
|G|
|GQ|
,
so that
|G| =
(2g − 2)|G
(1)
P ||GQ|
−|G
(1)
P ||GQ|+ dP |GQ| − |G
(1)
P |
.
If |GQ| ≤ 3 then from Item 1 of Result 2.8,
|G| ≤ 6(g − 1)|G
(1)
P | ≤
6p(g − 1)2
p− 2
≤ 18g2,
a contradiction. So |GQ| > 3. Since dP ≥ 2|G
(1)
P | − 2 and |G
(1)
P | ≥ 3 we get
−|G
(1)
P ||GQ|+ dP |GQ| − |G
(1)
P | ≥ −|G
(1)
P ||GQ|+ (2|G
(1)
P | − 2)|GQ| − |G
(1)
P |
= |G
(1)
P ||GQ| − 2|GQ| − |G
(1)
P | ≥ |GQ| − 3.
Thus, using again Item 1 of Result 2.8,
|G| ≤
(2g − 2)|G
(1)
P ||GQ|
|GQ| − 3
< 8g|G
(1)
P | ≤
8pg(g − 1)
p− 2
≤ 24g2,
a contradiction.
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4.2 G satisfies Case (iv.2)
In this case the orbit o(R) of GP containing R is long. Let o
′(R) be the orbit of R under G. Then from the
Orbit Stabilizer Theorem |o′(R)| · |GR| = |G|. Moreover, as R lies in the orbit of P in G, also o(R) ⊆ o
′(R).
Let Q be a place contained in the unique tame short orbit of G. From Equation (1) applied to G,
2(g − 1) = −2|G|+
|G|
|GQ|
(|GQ| − 1) +
|G|
|GP |
dP ,
where dP denotes the ramification at P and dQ = eQ − 1 = |GQ| − 1. Hence
|G| = 2(g − 1)
|G
(1)
P ||U | · |GQ|
|GQ|(dP − |GP |)− |GP |
. (5)
Combining Equation (5) and |o(R)| = |GP | ≤ |o
′(R)|, which yields |G| = |GP |o
′(R)| ≥ |GP |
2, we get
|GP | ≤
|G|
|GP |
= 2(g − 1)
|GQ|
|GQ|(dP − |GP |)− |GP |
≤ 2(g − 1)|GQ|.
Thus,
|GQ|(dP − |GP |)− |GP | ≥ dP |GQ| − |GP ||GQ| − 2(g − 1)|GQ|,
and
|GQ|(dP − |GP |)− |GP | ≥ |GQ|(dP − |GP | − 2(g − 1)). (6)
From Equation (1) applied to GP ,
2(g − 1) = −2|GP |+ (dP + |G
(1)
P |(|U | − 1)) = dP − |GP | − |G
(1)
P |,
and hence
dP − |GP | − 2(g − 1) = |G
(1)
P |.
From Equation (6) and Result 2.2,
|G| ≤ 2(g − 1)
|G
(1)
P ||U ||GQ|
|G
(1)
P ||GQ|
≤ 2(g − 1)(4g + 2) < 8g2.
Since |G| > 900g2, this case cannot occur.
4.3 G satisfies Case (iv.4)
Let as before P ∈ O1. If O1 = {P} then G = GP . In particular G is solvable and the claim follows from
Theorem 1.2. Hence we can assume that O ⊃ {P}. We start with an intermediate lemma. We assume that
X is a minimal counterexample with respect to the genus, that is, if Y is an algebraic curve of genus g¯ < g
together with an automorphism group G¯ satisfying Case 4 in Theorem 2.3 then |G¯| < 900g¯2.
Lemma 4.1. If O1 ⊂ {P} then O1 has size q + 1 where q = p
n, n ≥ 1 and G acts 2-transitively on O1. If
K denotes the Kernel of the permutation representation of G over O1, one of the following cases occurs.
• G/K ∼= PGL(2, q), PSL(2, q),
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• G/K ∼= PGU(3, q), PSU(3, q),
• G/K ∼= Ree(q), when p = 3, q = 32t+1,
• G/K has a regular normal soluble subgroup and the size of O1 is a prime power.
Unless the last case occur, if |GP | ≥ 30(g − 1) then X has zero p-rank.
Proof. Let o0 = {P}, o1, . . . , ok denote the orbits of G
(1)
P contained in O1, so that O1 =
⋃k
i=0 oi. To prove
that G acts 2-transitively on O1 we show that k = 1.
For any i = 1, . . . , k take Ri ∈ oi. Since we are dealing with Case (iv.4), Ri is fixed by an element
αi ∈ GP of prime order m 6= p dividing |U |. By Sylow’s Theorem there exist a subgroup U
i conjugated to
U in GP containing αi and αi clearly preserves oi. As previously noted, since Y1 = X/G
(1)
P is rational, αi
fixes at most two G
(1)
P -orbits and hence o0 and oi are the only fixed orbits of αi. Since U
i is abelian and it
fixes o0, the orbits o0 and oi are also the only G
(1)
P -orbits fixed by U
i. Since we can write GP = G
(1)
P ⋊ U
i
we get that the whole GP fixes oi for all 1 ≤ i ≤ k. Thus, either k = 1 or GP fixes at least 3 G
(1)
P -orbits.
The latter case cannot occur from Item 5 of Result 2.8 applied to Y1 as automorphisms of a curve of genus
zero have at most 2 fixed points.
This shows that k = 1 so that G acts 2-transitively on O1. Also |O1| = q+1 with q = |G
(1)
P | = p
n, n ≥ 1
as we are dealing with Case (iv.4). Let K denote the kernel of the action of G on O1 and let G¯ = G/K be
the corresponding permutation group. Since the stabilizer of 2 points in G (and hence G¯) is cyclic and p is
odd we get from Theorem 2.9 that G¯ is isomorphic to one of the groups listed. In the last case O1 is a prime
power and the regular normal subgroup an elementary abelian group from Theorem 2.10.
From (|K|, p) = 1, we have that Sylow p-subgroups of G corresponds to Sylow p-subgroups of G¯. Since
in all the cases but the last one Sylow p-subgroups of G¯ intersect trivially the same holds for G. If |GP | ≥
30(g − 1) the claim follows from Lemma 2.7.
Assume the one of the first 3 cases listed in Lemma 4.1 occurs with |GP | < 30(g − 1). First of all we
note that K is not trivial. Suppose indeed by contradiction that K is trivial so that G ∼= G¯.
• G ∼= PSL(2, q), PGL(2, q). Here |GP | = q(q − 1)/2 or |GP | = q(q − 1) and in any case |GP |
2 > |G| =
(q + 1)|GP | ≥ 900g
2. Hence |GP | > 30(g − 1), a contradiction.
• G ∼= PSU(3, q), PGU(2, q). In this case |GP | = q
3(q2 − 1)/3 or |GP | = q
3(q2 − 1) and in any case
|GP |
2 > |G| = (q3 + 1)|GP | ≥ 900g
2. Hence |GP | > 30(g − 1), a contradiction.
• G ∼= Ree(q). Now, |GP | = q
3(q− 1) and |GP |
2 > |G| = (q3+1)|GP | ≥ 900g
2. Hence |GP | > 30(g− 1),
a contradiction.
Before analyzing the case in which K is not trivial, we prove a trivial intersection condition for the
stabilizers of points in distinct G-orbits.
Lemma 4.2. If Q ∈ O2 then GP ∩GQ is trivial.
Proof. Let α ∈ GP ∩ GQ non-trivial. Then the order of α is not divisible by p. Hence α ∈ U up to
conjugation. Since |O1| = q + 1 from Lemma 4.1, α fixes at least another point R ∈ O1 \ {P}. Since P , Q
and R are in three distinct G
(1)
P -orbit the automorphism α¯ induced by α on Y1 has at least three fixed point
on Y1. Since the order of α is the same as the order of α¯, from Item 5 of Result 2.8 we get that α has order
1, completing the proof.
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This proves that K is not trivial and from Lemma 4.2 the only short orbits of K are exactly the points
in O1.
We claim that g(X/K) = 0. Assume first that g(X/K) ≥ 2. Then arguing as for the previous cases using
the Hurwitz genus formula, |G|/|K| ≥ 900g(X/K)2. Also the set of points O¯1 and O¯2 lying below O1 and O2
in X/X/K are respectively a short and a long orbit of G/K. If G/K has not exactly one another tame short
orbit on X/K then |G|/|K| ≤ 336g(X/K)2 from Section 3 and Theorem 1.3 Item 1, a contradiction. Since
now G/K has exactly two short orbits (one tame and one non-tame) and g(X/2) < g from the minimality
of g we get a contradiction.
Suppose that g(X/K) = 1. Then |U | ≤ 12 from [7, Theorem 11.94]. Note that if γ > 0 then from Item
1 of Result 2.8, |O| = 1 + |G
(1)
P | < 2|G
(1)
P | ≤ 2p(g − 1)/(p− 2) < 4g. Hence
|G| < 4g|G
(1)
P ||U | ≤ 192g
2,
a contradiction. Thus X/K is rational and hence G/K ∼= PSL(2, q), PGL(2, q) since the other groups do
not occur as subgroups of automorphisms of curves of genus zero. From the Hurwitz genus formula
2g − 2 = −2|K|+ (|K| − 1)(q + 1),
so that g = (q − 1)(|K| − 1)/2. In particular |O||K| = (q + 1)|K| ≤ 10g. Hence
900g2 ≤ |G| = |O||GP | < 10g|GP |.
So, |GP | > 30(g − 1). The claim now follows from Lemma 2.7.
We are left with the last case in Lemma 4.1, that is, a minimal normal subgroup of G/K is soluble and the
size of O1 is a prime power. Since q is odd, we get q+1 = 2
t for some t ≥ 1. From Mihilescu Theorem either
q = p is a Marsenne prime or q = 8. Since q is odd, q = p is a Marsenne prime and q = p = |G
(1)
P |. Assume
that γ 6= 0. If |GP | < 30(g−1) we get from Item 1 of Result 2.8 that |G| = |O||GP | < 30(g−1)(|G
(1)
P |+1) <
900g2, a contradiction. Hence |GP | ≥ 30(g − 1) and Lemma 2.7 gives the desired contradiction. Indeed
Sylow p-subgroup of G intersect trivially as they all fix exactly one point on O1.
This proves Item 4 in Theorem 1.3 so that Theorem 1.3 is completely proven. We conclude this section
with the following open problem.
Open Problem 4.3. Is the condition |G| ≥ 900g2 sufficient to imply γ(X ) = 0 also when g(X/G
(1)
P ) ≥ 1
for P ∈ O1, or |GP,R| = p
th with R ∈ O1 \ {P}, t ≥ 1 and h > 1?
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